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Abstract
A super-Brauer character theory of a group G and a prime p is a
pair consisting of a partition of the irreducible p-Brauer characters and
a partition of the p-regular elements of G that satisfy certain properties.
We classify the groups and primes that have exactly one super-Brauer
character theory. We discuss the groups with exactly two super-Brauer
character theories.
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1 Introduction
In this paper, all groups are finite. In [7], Diaconis and Isaacs defined super-
character theories for an arbitrary group, and developed some properties of
supercharacter theories. Roughly speaking, in a supercharacter theory, the ir-
reducible characters are replaced by supercharacters and the conjugacy classes
are replaced by super-classes. We will discuss supercharacter theories in more
detail in the next section. Supercharacter theories have been applied to study
several kinds of groups, and some examples can be seen in [1], [2], [6] and [7].
For a fixed prime p, the p-Brauer characters of G play a similar role for
the characteristic p representations of G that ordinary characters paly for the
characteristic 0 representations of G. One theme in Brauer character theory is
to determine what properties of the ordinary characters can be translated to
properties of Brauer characters. With this in mind, the first author and Zeng
defined an analogous “super theory” for p-Brauer characters in [5].
It is not difficult to see that the trivial group and Z2 are the only groups
that have only one supercharacter theory. In [4], Burkett, Lamar, the second
∗
E-mail address: cxymathematics@hotmail.com
†Corresponding author E-mail address: lewis@math.kent.edu
1
author, and Wynn classified groups with exactly two supercharacter theories.
They proved that a group G has exactly two supercharacter theories if and only
if G is isomorphic to one of Z3, S3, or Sp(6, 2). Inspired by this, we consider
groups with one or two super-Brauer character theories in this note.
We begin by considering for which groups G and primes p does G have
exactly one super-Brauer character theory. It is not difficult to see that if G has
only one or two p-regular conjugacy classes then G will have only one super-
Brauer character theory. We show that these are the only possibilities.
Theorem 1.1. Let G be a group and let p be a prime. Then G has only one
super-Brauer character theory if and only if G has only one or two p-regular
conjugacy classes.
Note that the identity is a p-regular element. Thus, a group G has one
p-regular conjugacy class if and only if G has no elements of p′ order. I.e., G
has one p-regular conjugacy class if and only if G is a p-group. The groups
with two p-regular conjugacy classes have been classified by Ninomiya in [14].
We will provide this classification in Section 3. In particular, we can use this
classification to describe all groups and primes with one super-Brauer character
theory. Notice that unlike the ordinary case where there were only two such
groups, in this case, there are infinitely groups that occur.
Next, we consider the groups and primes that have two super-Brauer char-
acter theories. We will see that if a group G has three p-regular classes, then G
must have two super-Brauer character theories. We will also see that there exist
groups with more than three p-regular classes that only have two super-Brauer
character theories. Unfortunately, with the tools we currently have available,
the groups with two super-Brauer character theories that are not p-solvable ap-
pear to be beyond our capabilities. In particular, there is a connection between
supercharacter theories and Schur rings that is expressed in a bijection between
the supercharacter theories of a group and the S-rings over G contained in
Z(C[G]) (see Proposition 2.4 of [9]). This connection was exploited computa-
tionally in [4] to prove that Sp(6, 2) has only two supercharacter theories. At
this time, we do not know of any such connections for super-Brauer character
theory. Thus, we focus on the p-solvable groups that have two super-Brauer
character theories.
Theorem 1.2. Let G be a p-solvable group with Op(G) = 1. Then G has
exactly two super-Brauer character theories if and only if either (1) G has three
p-regular classes, or (2) G has a normal p-complement M , the subgroup M
is minimal normal in G, and M has exactly two P -invariant supercharacter
theories where P is a Sylow p-subgroup of G.
In a series of papers [15, 16, 17], Ninomiya has classified the finite groups that
have exactly three p-regular conjugacy classes. Thus, we need only determine
the groups that have a normal p-complement with exactly two supercharacter
theories that are invariant under the action of a Sylow p-subgroup and the p-
complement is not the union of three conjugacy classes. Unfortunately, when we
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encounter groups where the normal p-complement is not solvable, we have the
same difficulties as above; so these also seem beyond our currently capabilities.
At this time, we are able to determine these groups that arise in the solvable
case. We will do this in Theorem 6.2. Thus, we will be able to list all of the
solvable groups that have exactly two super-Brauer character theories.
2 Background
We begin by recalling the definition of a supercharacter theory. Let G be a
group and write Irr(G) for the set of irreducible characters of G, and partition
G and Irr(G) into the collections L and Y of nonempty subsets, respectively.
Following Diaconis and Isaacs, we say that (L,Y) is a supercharacter theory
for G if (a) |L| = |Y|, (b) for each set Y ∈ Y there is a character χY whose
irreducible constituents all lie in Y so that χY is constant on the members of
L, and (c) the set {1} ∈ L. The characters χY are called supercharacters and
the elements of L are called superclasses. We use Sup(G) to denote the set of
supercharacter theories of G.
Next, we recall the definition of a super-Brauer character theory. Assume
that G is a group and p is a fixed prime number. Let G◦ be the set of p-regular
elements of G. Denote by IBr(G) the set of irreducible p-Brauer characters of
G. For convenience, when the prime p is clear, we denote p-regular classes and
p-Brauer characters by regular classes and Brauer characters, respectively. For
other terminologies and notations, one can refer to [10] and [12].
Following [5], a super-Brauer character theory of G is a pair (X,K) where X
is a partition of IBr(G) and K is a partition of G◦ that satisfy (1) |X| = |K|, (2)
for each set X ∈ X there is a nonzero Brauer character θX whose irreducible
constituents all lie in the set X such that θX is constant on every K ∈ K, and
(3) {1} ∈ K. In this case, we refer to the θX ’s as super-Brauer characters and
the sets K ∈ K as super-regular classes. We write Sup(G◦) to denote the set of
all super-Brauer character theories of G.
For any group G, there exist two trivial super-Brauer character theories:
1. m(G◦) whose partitions are X consists just of the singleton sets {φ} where
φ runs through IBr(G) and K consists of the conjugacy classes in G◦
2. M(G◦) whose partitions are X = {{1G◦}, IBr(G) − {1G◦}} and K =
{{1}, G◦ − {1}}.
Note that 1G◦ is the principal Brauer character of G. The super-Brauer char-
acters in (2) are Φ1G◦ (1)1G◦ and ρ
◦
G−Φ1G◦ (1)1G◦ , where ρ
◦
G is the restriction of
the regular character ρG of G to G
◦ and Φ1G◦ is the projective indecomposable
character with respect to 1G◦ .
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p G/Op(G)
any prime 1
any odd prime Z2
2 E32 ⋊ P where P is one of Z8, Q8, or S16
Q8 is the quaternions of order 8
S16 is the semi-dihedral group of order 8
2 Zq ⋊ Z2n , where q = 2
n + 1 is a Fermat prime
2n − 1 (a Mersenne prime) G ≃ E2n ⋊ Zp
Table 1: Groups G which have at most two p-regular classes
3 One super-Brauer character theory
We first classify groups with one super-Brauer character theory. These are the
groups where m(G◦) = M(G◦). Note that p-groups are trivially {p, q}-groups
for every prime q, so in the second conclusion of the following proposition, we
are including p-groups.
Proposition 3.1. Let G be a nontrivial group and p a fixed prime number.
Then |Sup(G◦)| = 1 if and only if G has at most two p-regular conjugacy classes.
Furthermore, if G is a group with at most two p-regular conjugacy classes, then
G is a {p, q}-group for some prime q. In particular, G is solvable.
Proof. We see that G has only one super-Brauer character theory if and only
if M(G◦) and m(G◦) are the same. These two super-Brauer character theories
are the same if and only if G◦ − {1} is empty or consists a single conjugacy
class. If G◦ − {1} is empty, then G has no nontrivial p-regular elements, so
G is a p-group, and thus, G is a {p, q} group for any prime q. On the other
hand, if G◦ − {1} consists of a single conjugacy class, then all of the nontrivial
p-regular elements of G must have the same order. Since G has nonidentity
p-regular elements, there must exist a prime q 6= p so that q divides |G|. By
Cauchy’s theorem, we know that G must have an element of order q, and so, all
the elements of G◦ have order q. Thus, G is a {p, q}-group, and by Burnside’s
paqb-theorem, G is solvable.
The groups with one nontrivial p-regular conjugacy class are classified by
Ninomiya and Wada [14, Theorem 3.1]. Recall that G and G/Op(G) have the
same number of irreducible Brauer characters, so they have the same number of
p-regular conjugacy classes. Obviously, G has one p-regular conjugacy class if
and only if G is a p-group, and G will have two p-regular conjugacy classes if and
only if G/Op(G) is one of the groups listed in the conclusion of [14, Theorem
3.1] (or [16, Theorem A]). We have listed these groups in Table 1. In light of
Proposition 3.1, G will have only one super-Brauer character theory if and only
if G = Op(G) or G/Op(G) is one of the groups listed in Table 1.
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4 A-invariant supercharacter theories
In general, it is not clear that there is any relationship between supercharacter
theories and super-Brauer character theories. We will now show that in one
case there is a relationship.
Let G be a group and let A be a group that acts on G via automorphisms.
We can define an action of A on Irr(G) by χa(ga) = χ(g) for all a ∈ A, g ∈ G
and χ ∈ Irr(G). This defines an action on subsets and partitions of G and
Irr(G). It is not difficult to see that A will act on supercharacter theories of G.
In addition, a supercharacter theory of G will be A-invariant if and only if each
set in the partition of G is a union of A-orbits of G and each set in the partition
of Irr(G) will be a union of A-orbits of Irr(G). We write SupA(G) for the set of
A-invariant supercharacter theories of G.
Theorem 4.1. Let N be a normal Hall p-complement of a group G, and let
P be a Sylow p-subgroup of G. Then there is a bijection between Sup(G◦) and
SupP (N). Furthermore, the corresponding theories will have the same partition
of G◦ = N .
Proof. Since N is a p′-group, we know that Irr(N) = IBr(N). In view of Green’s
theorem (Theorem 8.11 of [12]), we know that for every character θ ∈ Irr(N)
there is a unique Brauer character φ ∈ IBr(G) that lies over θ and φN =
∑n
i=1 θi
where {θ1 = θ, . . . , θn} is the P -orbit of θ. This gives a bijection from IBr(G)
to the P -orbits of Irr(N). Given a Brauer character φ ∈ IBr(G), we write O(φ)
for the P -orbit of Irr(N) that consists of the irreducible constituents of φN .
If X ⊆ IBr(G), then we write X¯ = ∪φ∈XO(φ). If X is a partition of IBr(G),
then X¯ = {X¯ | X ∈ X} will be a P -invariant partition of Irr(N). Notice that
N = G◦, and so, any partition of N will be a partition of G◦ and vice-versa. In
particular, any partition of G◦ where the sets are unions of G-conjugacy classes
will have the sets are unions of P -orbits and so, will be a P -invariant partition
of N .
Suppose (X,K) is super-Brauer character theory for G. We claim that (X¯, K¯)
is a P -invariant supercharacter theory for N . We know for each set X ∈ X that
there exist integers aφ so that
∑
φ∈X aφφ is constant on K for all K ∈ K.
Observe that if K ∈ K and k ∈ K, then k ∈ N . It follows for X ∈ X that
∑
θ∈X¯
aθθ(k) =
∑
φ∈X
∑
θ∈O(φ)
aθθ(k) =
∑
φ∈X
aφφ(k)
where aθ = aφ for θ ∈ O(φ). This implies that
∑
θ∈X¯ aθθ is constant on each
K ∈ K. It also implies that (X¯,K) is a P -invariant supercharacter theory for
N . Thus, the map (X,K) 7→ (X¯,K) is a well-defined function from Sup(G◦) to
SupP (N).
Note that different super-Brauer character theories must have different par-
titions of G◦, so this map will be an injection. Given a supercharacter theory
(Y,K) ∈ SupP (N), for Y ∈ Y, define X(Y ) by X(Y ) = {φ | O(φ) ⊆ Y } and
set X = {X(Y ) | Y ∈ Y}. It is not difficult to see X¯ = Y and (X,K) is a
super-Brauer character theory. This yields the stated bijection.
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5 Two super-Brauer character theories
Now, we turn our attention to groups with exactly two super-Brauer character
theories. For any group with at least three p-regular conjugacy classes, the two
super-Brauer character theories M(G◦) and m(G◦) will be distinct. It is easy
to see that if G has only three p-regular classes, then m(G◦) and M(G◦) are
the only possible super-Brauer character theories. The interesting question is
whether there exist groups with more than three p-regular classes that have only
two super-Brauer theories.
We will present some solvable examples where this occurs later. The only
nonsolvable example that we know of where this occurs is G = SP6(2)×P where
P is a p-group for some prime p that does not divide |SP6(2)|, but we would be
surprised if other examples do not exist.
Determining the nonsolvable groups with two super-Brauer character theo-
ries seems out of reach at this time. At this point, we consider only the p-solvable
case.
Proof of Theorem 1.2. Assume that G has exactly two super-Brauer character
theories: m(G◦) and M(G◦). LetM be a minimal normal subgroup of G. Since
G is p-solvable andOp(G) = 1, it follows that p does not divide |M |, soM ⊆ G
◦.
Suppose thatM < G◦. Let R be the partition of G◦ by {{1},M−{1}, G◦−
M}, and letS be the partition of IBr(G) by {{1G◦}, IBr(G/M)−{1G◦}, IBr(G)−
IBr(G/M)}. The Brauer character ρoG/M − Φ1G◦ (1)1G◦ , where ρ
o
G/M is the re-
striction to G◦ of the inflation to G of the regular character ρG/M of G/M , has
irreducible constituents in IBr(G/M)−{1G◦}, and it is not difficult to see that
this Brauer character has the value |G : M | − Φ1◦
G
(1) on elements in M − {1}
and the value −Φ1◦
G
(1) on elements in G◦ −M . On the other hand, the Brauer
character ρ◦G − ρ
o
G/M , where ρ
◦
G is the restriction of the regular character of G
to G◦, has irreducible constituents in IBr(G) − IBr(G/M) and it has the value
0 on elements of G◦ −M and the value of −|G :M | on elements of M − {1}.
We conclude that (R,S) is a super-Brauer character theory for G. Since G
has exactly two super-Brauer character theories, (R,S) must be either m(G◦)
or M(G◦). Because G◦ −M is not empty, we see that (R,S) 6= M(G◦). We
deduce that (R,S) = m(G◦), and this implies that M − {1} and G◦ −M are
both conjugacy classes of G. We conclude that G has three p-regular conjugacy
classes.
Thus, we may assume that G◦ = M . It follows that M is a normal Hall
p-complement of G. In light of Theorem 4.1, we have that M has exactly two
P -invariant supercharacter theories.
Conversely, if G has three p-regular classes, then it is obvious that m(G◦)
and M(G◦) are the only possible super-Brauer character theories. On the other
hand, if G has a normal p-complement M and M has exactly two P -invariant
supercharacter theories, then G has two super-Brauer character theories by
Theorem 4.1.
Thus, the question of classifying the p-solvable groups with exactly two
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super-Brauer character theories is equivalent to determining the p-solvable groups
with exactly three p-regular conjugacy classes and determining which p-solvable
groups have a normal p-complement that has exactly two supercharacter theo-
ries that are invariant under the action of a Sylow p-subgroup. Note that these
two cases are not disjoint.
6 Two P -invariant supercharacter theories
As in the general question of determining the nonsolvable groups with two super-
Brauer character theories, determining the nonsolvable p′-groups that are acted
by a p-group having only two invariant supercharacter theories seems out of
reach at this time. Thus, we will focus on the solvable groups. If M is such
a normal p′-subgroup, then we see from Theorem 1.2 that M will be minimal
normal in G, and being solvable, this implies that M is an elementary abelian
q-group for some prime q 6= p. We now show that either p or q must be 2 when
there are more than three orbits on the action of P .
Lemma 6.1. Let p and q be distinct primes, let V be an elementary abelian
q-group, and let P be a p-group that acts via automorphisms irreducibly on V . If
V has exactly two P -invariant supercharacter theories, then one of the following
occurs: (1) V is a union of three P -orbits, (2) q = 2, or (3) p = 2.
Proof. We write Irr(V ) = {1}∪O1 ∪O2 ∪ · · · ∪On, where the Oi’s are P -orbits.
Notice that if n = 1, then V will have only one P -invariant supercharacter
theory, and if n = 2, then V is the union of three P -orbits. Thus, we may
assume that n ≥ 3. By the discussion on page 2360 of [7], we see that the
partition of Irr(V ) by the Oi’s yields a supercharacter theory mP (V ) for V . As
we mentioned before, a supercharacter theory of V is P -invariant if and only if
it contains mP (V ) where containment is as Definition 3.5 of [9].
We now define Oi = {θ | θ ∈ Oi} where θ(g) is the complex conjugate of
θ(g) for all g ∈ V . It is not difficult to see that Oi will be a P -orbit for each
i. Let S be the supercharacter theory of V whose partition of Irr(V ) consists
{χ, χ} as χ runs over Irr(V ). From [9], we know that mP (V )∨S (as defined on
page 4425 of [9]) is a supercharacter theory where Irr(V ) is partitioned by the
sets {χ, χ | χ ∈ Oi} for the appropriate values of i. If there exists an integer j
with 1 ≤ j ≤ n such that Oj 6= Oj , then mP (V )∨S 6= mP (V ). Since n ≥ 3, we
have that mP (V ) ∨ S 6= M(V ). Finally, since mP (V ) ∨ S contains mP (V ), it
is P -invariant. Thus, V has more than two P -invariant supercharacter theories
which contradicts our assumption. Therefore, we must have Oi = Oi for all
i = 1, . . . , n.
If q = 2, then µ = µ for every character µ ∈ Irr(V ) since V is elementary
abelian. On the other hand, if q 6= 2, then µ 6= µ for every character 1V 6= µ ∈
Irr(V ). This implies that µ and µ must be in the same P -orbit when µ 6= 1V ,
and this can only occur if 2 divides |Oi| for all i. Since the |Oi| are p-powers,
we conclude that p = 2.
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We now consider the case where a p-group P acts faithfully and irreducibly
on an elementary abelian q-group V so that V has one or two P -invariant
supercharacter theories.
In Theorem B of [16] (5)-(10) give the examples where P acts on Q having
exactly three orbits and are included in the following theorem as (1) (a)-(d),
(2) when r = 2, and (3). We note that we determined the sixteen 2-groups
that are referred to in (1) (c) and appear in Tables 4 and 5 using the computer
algebra system Magma [3]. We note that the last group in that table is a Sylow
2-subgroup of GL4(3) and the other groups are subgroups of that Sylow 2-
subgroup that have the same orbits on V . In addition, these groups correspond
with the groups in Theorem B (9) of [16].
Theorem 6.2. Let p and q be distinct primes, let V be an elementary abelian
q-group, and let P be a nontrivial p-group that acts faithfully and irreducibly on
V . Then V has two P -invariant supercharacter theories if and only if one of
the following is true:
1. p = 2 and one of the following holds:
(a) q is a Fermat prime, |V | = q, and P is the unique subgroup of index
2 in Aut(V );
(b) q = 3, |V | = 32, and P is cyclic of order 4 or P is dihedral of order
8;
(c) q = 3, |V | = 34, and P is a subgroup of GL4(3) that is conjugate one
of the sixteen 2-groups in Tables 4 and 5.
(d) q ≥ 5 is a Fermat prime, |V | = q2, and P is either a Sylow 2-
subgroup group T of GL2(q) (i.e., Zq−1 ≀ Z2) or P is the nonabelian,
two generated subgroup of index 2 in T .
(e) q = 7, |V | = 72, and P is one of the following: cyclic of order 16,
generalized quaternion of order 16, or semidihedral of order 32 (i.e.,
a Sylow 2-subgroup of GL2(7)).
2. p and q are primes so that there exists a positive integer n and a prime
r so that q − 1 = pnr, |V | = q, and P is a Sylow p-subgroup of Aut(V ).
(Note that one of p or r must be 2.)
3. p 6= 2, 3, q = 3, l is an integer so that 3l − 1 = 2pn for some integer n,
|V | = 3l and P ∼= Zpn .
Proof. We now assume that V has two P -invariant supercharacter theories.
Suppose first that |V | = q. Since P is nontrivial, this implies that p divides
q − 1, so q ≥ 3, and thus, q is odd. By Lemma 6.1, this implies that either P
has three orbits on V or p = 2, In Theorem 9.1 of [9], Hendrickson describes all
the supercharacter theories of a cyclic group. Since V has prime order, we see
from that theorem that all of the supercharacter theories of V have the form
mA(V ) where A is a subgroup of Aut(V ). Hence, the P -invariant supercharacter
theories will have the form mA(V ) where P ≤ A ≤ Aut(V ). Therefore, V has
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exactly two P -invariant supercharacter theories if and only if P is a maximal
subgroup of Aut(V ).
Since V is cyclic of odd prime order, Aut(V ) is cyclic of order q− 1, and so,
P is a maximal subgroup if and only if it has prime index in Aut(V ). If q− 1 is
a power of 2, then q is a Fermat prime, and Aut(V ) is cyclic 2-group, so P is the
unique subgroup of index 2. Otherwise, q − 1 is not a power of 2, and the only
way a p-subgroup can be maximal in Aut(V ) is if it is the Sylow p-subgroup
and there exists a positive integer n and a prime r so that q − 1 = pnr. This
completes the case where |V | = q.
Thus, we may assume that |V | = qn where n > 1. Suppose that V is
primitive as a module for P . Observe that every abelian normal subgroup of
P has to act faithfully and homogeneously on V , and so every abelian normal
subgroup of P is cyclic. By Corollary 1.10 (v) and (vi) of [13], we know that P
has a cyclic subgroup of index dividing 2. Then applying Corollary 2.3 of [13],
we see that we may view P as a subgroup of Γ(V ), the semi-linear group of V .
(The definition of Γ can be found on pages 37-38 of [13].) Let F = Γ0(V ) and
note that F is cyclic of order qn − 1 and |Γ(V ) : F | = n. If P is abelian, then
Theorem 2.1 of [13] implies that P ≤ F . If P is not abelian, then arguing as
in the proof of Lemma 2.3 of [13] and applying Corollary 1.10 (v), Lemma 2.2,
and Theorem 2.1 of [13], we have that F ∩ P is the cyclic subgroup of index 2
in P . Notice that since P is a p-group, this implies that when P is nonabelian,
then p = 2, and 2 divides n.
If |F ∩ P | = |V | − 1, then F ∩ P acts transitively on Irr(V ) − {1V }, and
so, V would have one P -invariant super-character theory. Thus, we know that
|F ∩ P | < |V | − 1. Since |F ∩ P | < |V | − 1, we have that F is not contained in
P . Recall that we may view V as being the additive group of a field, F as being
a subgroup of the multiplicative group of the field, and if we take C to be the
Galois group for F over Zq, then C is a complement for F in Γ(V ).
It is known that orbits for F ∩P on V correspond to the cosets of F ∩P as a
subgroup of F and that C permutes the cosets of F ∩P in F . Also, an element c
of C will fix a coset of F ∩P if and only if the coset has a nonempty intersection
with the subgroup of F that corresponds to the fixed field of c. Thus, C fixes
a coset of F ∩ P if and only if the coset has a nonempty intersection with the
subgroup of F corresponding to the fixed field of C. Note that Zq is the fixed
field for C, and so, the corresponding subgroup of F will have order q − 1.
We now suppose that P is abelian, and hence cyclic. If the subgroup of
order q− 1 in F does not supplement P , then there will be cosets of P that are
not fixed by C. Hence, mPC(V ) will be different from both mP (V ) and M(V ).
It follows that V has at least three P -invariant supercharacter theories. Thus,
we may assume that F is the product of P and the cyclic group of order q − 1.
Since P < F , this implies that q 6= 2, and so by Lemma 6.1, we know that
p = 2. Also, note that if P is not a maximal subgroup of F , then there exists
a subgroup P < E < F , and again it is not hard to see that mE(V ) will be
different from both mP (V ) and M(V ) and that V has at least three P -invariant
supercharacter theories. Thus, P will be a maximal subgroup of F , and thus,
|F : P | is a prime. Hence, q − 1 is the product of a prime with a power of 2,
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and (qn − 1)/(q − 1) is a power of 2. By the Zsigmondy prime theorem, we see
that n = 2 and q is a Mersenne prime. Note that q + 1 is now a power of 2. If
q > 3, then since 3 does not divide q or q+1, we must have that 3 divides q− 1.
Also, 4 divides q + 1, so 4 cannot divide q − 1. Hence, the only possibilities for
q are q = 3 and q = 7. When q = 3, we deduce that P is cyclic of order 4 and
when q = 7, we see that P is cyclic of order 16. This completes the case when
P is cyclic.
Thus, we have the case when V is primitive for P and P is not abelian. This
implies that p = 2 and 2 divides n. Also, F ∩ P has index 2 in P . Since F ∩ P
is cyclic, this implies that P is either dihedral, semi-dihedral, or generalized
quaternion. Notice that every P orbit on V will be either an F ∩P -orbit or the
union of two F ∩P orbits. Also, P is a Frobenius complement if and only if P is
generalized quaternion group, and in that case, every P orbit will be the union
of two F ∩P -orbits. In the other cases, P will have at least one orbit that is an
F ∩ P -orbit.
Suppose that F ∩ P is not maximal in F , so there exists a group N so that
F ∩ P < N < F and |N : F ∩ P | is prime. Notice that each N -orbit will be a
union of |N : F ∩ P | orbits of F ∩ P , and the PN -orbits will be unions of N -
orbits. Notice that mNP (V ) will equal M(V ) if and only if PN acts transitively
on V − {0}. This will imply that qn − 1 is a prime times a power of 2. By the
Zsigmondy prime theorem, this implies that q is either a Mersenne prime or a
Fermat prime and n = 2. Also, we see that one of q + 1 and q − 1 is a power of
2 that is at least 4. It follows that the other one cannot be divisible by 4. On
the other hand, 3 must divide one of q − 1, q, or q + 1; so if q > 1, then one of
q− 1 and q+1 which is not a power of 2 is divisible by 6 and not 12. It follows
that the only possibilities for q are 3, 5, and 7. Also, we see that PN acts
Frobeniusly on V , so P is generalized quaternion, so q2 − 1 = |PN | = |F |. In
particular, if q = 3, then |PN | = 8 and |P | = 4 which contradicts the fact that
P is nonabelian. If q = 7, then |PN | = 48 and |P | = 16, so P is the generalized
quaternion group of order 16. If q = 5, then |PN | = 24 and |P | = 8, so P is the
quaternions, and the V − {0} consists of three P -orbits of size 2. However, P
is properly contained in a Sylow 2-subgroup T of GL2(5), and we will see later
that T has one orbit of size 8 and one orbit of size 16 on V −{0}. Thus, mT (V )
is neither mP (V ) nor M(V ), so V has at least three P -invariant supercharacter
theories in this case.
We now assume that PN does not act transitively on V − {0}, so mNP (V )
is different than M(V ). If |N : F ∩P | > 2, it follows that the PN -orbits will be
different than the P -orbits, so mPN (V ) will be different than mP (V ), and we
see that there exist at least three P -invariant supercharacter theories for V , a
contradiction. Now suppose that |N : F ∩P | = 2, so that PN will be a 2-group.
Note that every N -orbit is the union of two F ∩ P -orbits, and every PN -orbit
will be either an N -orbit or the union of two N -orbits. The only way every
PN -orbit could be a P -orbit is if every P -orbit is the union of two P ∩N -orbits,
so P must be a generalized quaternion group, and every PN -orbit must be an
N -orbit, so PN is not a Frobenius complement. Notice that a dihedral group
cannot have a subgroup that is a generalized quaternion group, so PN must
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be a semi-dihedral group. Also, all of the PN -orbits on V have the same size,
so PN acts half-transitively on V . By Theorem II of [11], we have that q is a
Mersenne prime, and |PN | has the same size as a Sylow 2-subgroup of Γ(V ),
so PN is a Sylow 2-subgroup of Γ(V ). If |F : N | is not prime, then we can find
N1 so that N < N1 < F . Using the arguments above, we see that mN1P (V )
is neither M(V ) nor mP (V ). Now, |F : N | is a prime implies that q = 7 and
hence, P is generalized quaternion of order 16.
We now have the case that |F : N ∩ P | is a prime. As above, this implies
that |V | = q2 and q is either 3, 5, or 7. If q = 3, then P has index 2 in Γ(V )
and |P | = 8. Since P is nonabelian, this implies that P is either dihedral or
quaternion. However, if P is quaternion, then P acts transitively on V , which
is a contradiction. Thus, P is dihedral of order 8. If q is 5 or 7, this implies that
P is a Sylow 2-subgroup of Γ(V ). If q = 7, then using order considerations, we
conclude that P is a Sylow 2-subgroup of GL2(7). Note that when q = 5, this
implies that P is semi-dihedral of order 16. This completes the case where V is
primitive as a module for P .
We now suppose that V is not primitive as a module for P . In particular,
we can write V =W1 ⊕ · · · ⊕Wp so that P transitively permutes the Wi’s (see
Corollary 0.3 of [13]). We now assign weights to the elements of V and the
characters in Irr(V ). The weight of an element v = (w1, . . . , wp) with wi ∈ Wi
is the number of nonzero wi’s. Similarly, the weight of χ = (λ1, . . . , λp) for
λi ∈ Irr(Wi) is the number of nonprincipal λi’s. For i = 0, . . . , p, let Bi be the
set of elements of weight i in V and let Ci be the set of characters of weight i
in Irr(V ). Note that B0 = {0} and C0 = {1V }. Note that V is partitioned by
B = {B0, B1, . . . , Bp} and Irr(V ) is partitioned by C = {C0, C1, . . . , Cp}. We
will show that (C,B) is a super-character theory for V . Note that the action of
P on V preserves the weight of both the elements of V and the characters in
Irr(V ), so at (C,B) is P -invariant.
We have {0} = B0 ∈ B and |B| = p + 1 = |C|. Thus, it suffices to find a
character for each i with irreducible constituents in Ci that is constant on all the
Bj ’s. For each i, take ρ
∗
i to be the regular character of Wi minus the principal
character of Wi. Thus, ρ
∗
i (0i) = |Wi| − 1 and ρ
∗
i (w) = −1 for w ∈ Wi \ {0i}.
Given a subset S of {1, . . . , p}, we define ρ∗S to be the character whose ith
component is ρ∗i when i ∈ S and 1Wi when i is not in S. Notice that the
irreducible constituents of ρ∗S will have weight |S| and hence will lie in C|S|. We
define σ0 to be 1V , and for 1 ≤ i ≤ p, we define σi to be the sum of ρ
∗
S over all
subsets S of size i in {1, . . . , p}.
Given an element v = (w1, . . . , wp) ∈ V , we define the support, supp(v), to
be the set of i’s where wi 6= 0i. In computing ρ
∗
S(v) notice that we obtain a −1
for each element of S ∩ supp(v), a qm − 1 for each element in S \ supp(v), and
a 1 for the remaining components. It follows that ρ∗S(v) = (−1)
|S∩supp(v)|(qm−
1)|S|−|S∩supp(v)| where |Wi| = q
m. Thus, σi(v) will be determined by the various
sizes of the intersections of supp(v) with subsets of {1, . . . , p} of size i. Since this
is completely determined by the size of supp(v), it follows that σi is constant
on the Bj ’s. In particular, we conclude that (C,B) is a super-character theory
for V . Since |B| ≥ 3, we know that (C,B) is not M(V ).
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0 v1 v2 v3
1V 1 1 1 1
Θ1 9 5 1 -3
Θ2 27 3 -5 3
Θ3 27 -9 3 - 1
Table 2: P -invariant supercharacters when |V | = 26
For (C,B) to be mP (V ), it must be that P acts transitively on each Bi.
Notice that the size of B2 will be (q
m − 1)2p(p− 1)/2, and this can be a power
of p only when p is 2 or 3. LetN ≤ P be the stabilizer in P ofW1, so |P : N | = p.
This implies that N is a normal subgroup of P , and since the stabilizers of the
Wi’s are all conjugate in P , it follows that N stabilizes all of theWi’s. Note that
CP (w) ⊆ N for all elements of w ∈ W having weight 1. Let H = N/CN (W1),
and by Lemma 2.8 of [13], we know that P is a subgroup of H ≀ Zp. We also
know that H acts transitively onW1 \{01}. By Theorem 6.8 of [13], we see that
H ≤ Γ(W1).
If p = 3, then q = 2, and m = 2. We see that |V | = 26. We have that
|B1| = 3 · 3 = 9 and |B2| = 3
2 · 3 = 27 and |B3| = 3
3 = 27. Notice that |W1| = 4
and so, Γ(W1) ∼= S3. Since H is a 3-subgroup, we see that H ∼= Z3 and so P
is a subgroup of Z3 ≀ Z3. Notice by order considerations, we see that Z3 ≀ Z3 is
isomorphic to a Sylow 3-subgroup of GL6(2). Also, we see that P must have
at least order 27, so either P is Z3 ≀ Z3 or P is a maximal subgroup of Z3 ≀ Z3.
Using Magma, we find the orbits of a Sylow 3-subgroup T of GL6(2) and its
maximal subgroups on V , and from Magma, we see that the maximal subgroup
having exponent 3 has different orbits than T and thus V will have more than
two P -invariant supercharacter theories if P is one of these subgroups, but the
two maximal subgroups that have exponent 9 and are nonabelian have the same
orbits as T . Since they have order 27, they must be extra-special.
We let O1, O2, and O3 be the nonprincipal P -orbits of V , and let Θi be the
supercharacter for Oi. Let V1, V2, and V3 be the nonzero P -orbits of V and
let vi be a representative of Vi. Using Magma, we compute the values of the
supercharacters for the orbits in Irr(V ) on the orbits of V . The values can be
found in Table 2.
We see that the only supercharacter for an orbit in Irr(V ) that has the same
value on two orbits for V is Θ2 and the two orbits in V are V1 and V3. Observe
that Θ1 + Θ3 has the value −4 on both v1 and v3. Thus, we obtain another
supercharacter theory by merging O1 with O3 and V1 with V3. This gives three
P -invariant supercharacter theories.
Now suppose that p = 2. We see that |W1| − 1 = q
m − 1 is a power of 2.
This implies that either q is a Fermat prime and m = 1 or q = 3 and m = 2.
Suppose first that |W1| = q. This implies that H is cyclic of order q−1 and that
P is a subgroup of Zq−1 ≀ Z2. Notice that |B1| = 2(q − 1) and |B2| = (q − 1)
2.
In particular, (q − 1)2 divides |P |. The size of a Sylow 2-subgroup of GL2(q) is
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2(q − 1)2. Also, one can see that a Sylow 2-subgroup of GL2(q) must contain
a copy of Zq−1 ≀ Z2. Therefore, a Sylow 2-subgroup T of GL2(q) is isomorphic
to Zq−1 ≀ Z2, and hence, P is either isomorphic to T or is a maximal subgroup
of T . If q = 3, then T = GL2(3), and it acts transitively on V − {0}. Thus,
P must be a maximal subgroup. Note that P has three maximal subgroups,
one of which is cyclic and acts transitively and one of which is the quaternions
which also acts transitively. The remaining maximal subgroup is the dihedral
group of order 8 which must be P . Suppose now that q > 3. It is not difficult
to see that B0, B1, and B2 are the three orbits for T acting on V . It follows
that P must have these three orbits, and the result now follows from Theorem
B of [16]. The remaining case is that |W1| = 9. In this case, if T is a Sylow
2-subgroup of GL4(3), then T ∼= S16 ≀Z2 where S16 is the semidihedral group of
order 16. Again, it is not difficult to see that B0, B1, and B2 are the three orbits
of T on V . Thus, P will need to be a subgroup of T that has the same orbits
as T . Again, one can appeal to Theorem B of [16] or one can compute these
subgroups in Magma. This completes the proof when V has two P -invariant
character theories.
We now suppose that if P and V are any of the given groups, then V has
two P -invariant supercharacter theories. Observe that if P has three orbits on
Irr(V ), then the only possible P -invariant supercharacter theories are mP (V )
and M(V ). Note that this handles (1) (a)-(d), (2) when r = 2, and (3). Also,
in (2) when |V | = q, p = 2, and r is odd; we can use Theorem 9.1 of [9] to see
that the p-invariant supercharacters of V are in bijection with the subgroups of
Aut(V ). Since q− 1 = 2nr, it follows that P is a maximal subgroup of Aut(V ),
and this yields the conclusion.
In the remaining case, (1) (e), we see that P has four orbits on Irr(V ). One
orbit is {1V } and three other orbits. If there is a P -invariant supercharacter
theory (X ,Y) other than mP (V ) and M(V ), then X , the partition of Irr(V ),
must have a union of two of these nonprincipal orbits as one set X1 and the
other nonprincipal set X2 will be the remaining nonprincipal orbit. Similarly,
the partition Y of V will have one set Y1 that is the union of two of the nonzero
P -orbits of V and the other set Y2 will be a nonzero P -orbit. Thus, the super-
characters χ1 for X1 and χ2 for X2 will have to have the same value on both of
the P -orbits that make up Y1.
As above, we let O1, O2, and O3 be the nonprincipal P -orbits of V , and let
Θi be the supercharacter for Oi. Let V1, V2, and V3 be the nonzero P -orbits of
V and let vi be a representative of Vi. Using Magma, we compute the values
of the supercharacter for the orbits in Irr(V ) on the orbits for V . The values
appear in Table 3
Where A1 = 3ζ
5 + ζ4 + ζ3 + 3ζ2 + 1, A2 = −ζ
5 + 2ζ4 + 2ζ3 − ζ2, and
A3 = −2ζ
5−3ζ4−3ζ3−2ζ2−2 and ζ is a primitive 7 root of unity. Notice that
none of the supercharacters for the orbits in Irr(V ) have the same value on two
orbits for V , so it is not possible to have another P -invariant supercharacter
theory.
In the introduction, we mentioned that we would display groups with three
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0 v1 v2 v3
1V 1 1 1 1
Θ1 16 A1 A2 A3
Θ2 16 A2 A3 A1
Θ3 16 A3 A1 A2
Table 3: P -invariant Supercharacters in (1)(e)
super-Brauer character theories that have more than three p-regular conjugacy
classes. We now use Theorem 6.2 to produce these examples. The first example
is G = V ⋊ P where V is elementary abelian and P is either cyclic of order
16 or semidihedral of order 32. The second example also has G = V ⋊ P , but
in this case |V | = q where q is a prime with the property that q − 1 = 2lr for
some integer l and odd prime r. In this case, P is a cyclic group of order 2l.
Examples of primes q with this property are q = 7, 11, 13, 23, 29, 39, 41, . . . .
Finally, we note that we can apply Theorem 1.2 and Theorem 6.2 to see that
any solvable group with three super-Brauer character theories must either have
three p-regular classes or must be one of the groups mentioned in the previous
paragraph. For completeness, we have listed G/Op(G) for all of the groups that
have two super-Brauer character theories. We have listed these groups in three
tables. The first two tables have the groups of the form V ⋊ P where V is
an elementary abelian q-group for some prime q and P is a p-group that acts
faithfully and irreducibly on V . In Table 6, we have the ones where the action
of P on V has three orbits. Table 7 includes the ones where the action of P has
more than three orbits on V . Notice that these are precisely the groups with two
super-Brauer character theories that have more than three p-regular conjugacy
classes. Finally, in Table 8, we list the groups with three p-regular classes that
do not have the form V ⋊P for an elementary abelian q-group V and a nontrivial
p-group P . The groups with three p-regular conjugacy classes were classified in
Theorem B of [16] and the Theorem in [17]. As we mentioned above, we used
the computer algebra system Magma, [3], to find the 2-groups that act on the
elementary abelian group of order 81 with three orbits. We also use Huppert’s
classification of groups that act transitively on the nonidentity elements of an
elementary abelian group found as Theorem 6.8 in [13] in place of Ninomiya’s
description of these groups. Note that it appears that Ninomiya missed one
group in his classification. In particular, he missed the group (Z3)
4 ⋊ S where
F (S) is an extra-special group of order 25, the quotient F2(S)/F (S) has order
5, and the quotient S/F2(S) is cyclic of order 4 that is described in conclusion
(a) of Theorem 6.8 of [13]. We have double-checked using Magma the groups
of the form V ⋊ S where V is elementary abelian of order 25 or 81 and S acts
transitively on V − {0}.
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|P | A B C
26


2 2 0 0
2 1 2 2
2 1 2 1
0 0 2 1




0 0 2 2
1 1 1 1
1 0 1 0
0 0 2 0


26


2 2 0 0
2 1 1 1
2 1 2 1
0 0 2 1




0 0 2 2
1 1 1 1
1 0 1 0
0 0 2 0


26


1 2 2 1
0 1 1 2
1 1 1 0
0 0 2 0




1 0 1 1
1 2 2 2
1 0 0 1
0 0 2 1


26


1 0 1 1
1 1 0 1
1 0 0 1
0 0 2 1




1 2 2 1
1 1 1 2
2 1 0 2
2 0 0 1


27


2 2 0 0
2 1 1 1
2 1 2 1
0 0 2 1




0 0 1 1
1 2 1 0
1 0 0 2
0 0 0 1


27


2 2 0 0
2 1 2 2
2 1 2 1
0 0 2 1




0 0 1 1
1 2 1 0
1 0 0 2
0 0 0 1


27


1 0 1 1
1 1 0 1
1 0 0 1
0 0 2 1




1 1 0 0
0 2 0 0
1 2 2 0
0 0 0 1




2 0 1 1
1 2 0 1
2 2 2 2
0 1 0 0


27


1 1 0 0
0 2 0 0
1 2 2 0
0 0 0 1




1 0 1 1
1 2 2 2
1 0 0 1
0 0 2 1




0 0 2 2
1 1 1 1
1 0 1 0
0 0 2 0


27


1 1 0 0
0 2 0 0
1 2 2 0
0 0 0 1




1 0 1 1
1 1 0 1
0 0 1 2
2 0 0 2


27


1 0 1 1
1 2 2 2
0 0 1 2
2 0 0 2




1 1 0 0
0 2 0 0
1 2 2 0
0 0 0 1


Table 4: Subgroups P = 〈A,B,C〉 of GL4(3) with three orbits
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|P | A B C
28


1 1 0 0
0 2 0 0
1 2 2 0
0 0 0 1




1 0 1 1
1 2 2 2
1 0 0 1
0 0 2 1




0 0 1 1
1 2 1 0
1 0 0 2
0 0 0 1


28


1 0 0 0
0 2 2 1
0 0 1 0
0 0 0 1




2 2 0 0
2 1 1 1
2 1 2 1
0 0 2 1


28


1 0 1 1
1 1 0 1
1 0 0 1
0 0 2 1




1 1 0 0
0 2 0 0
1 2 2 0
0 0 0 1




0 0 1 1
1 2 1 0
1 0 0 2
0 0 0 1


28


1 1 0 0
2 2 1 1
1 2 2 0
0 0 0 1




1 0 1 1
1 2 2 2
1 0 0 1
0 0 2 1


28


1 0 1 1
1 1 0 1
1 0 0 1
0 0 2 1




2 2 0 0
2 1 1 1
2 1 2 1
0 0 2 1


29


1 0 0 0
0 2 2 1
0 0 1 0
0 0 0 1




1 1 0 0
0 2 0 0
1 2 2 0
0 0 0 1




1 0 1 1
1 2 2 2
1 0 0 1
0 0 2 1


Table 5: Subgroups P = 〈A,B,C〉 of GL4(3) with three orbits on (Z3)
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p G/Op(G)
2 (Z3 × Z3)⋊ P P is either Z4 or D8
2 Zq ⋊ Z2n q = 2
n+1 + 1 is a Fermat prime for some positive integer n
not 2 Zq ⋊ Zpn q = 2p
n + 1 is prime for some positive integer n
not 2 or 3 (Z3)
l ⋊ Zpn 3
l = 2pn + 1 for some positive integer l
2 (Z3)
4 ⋊ P P is conjugate to one of the groups in Tables 4 and 5
2 (Zq × Zq)⋊ P q = 2
e + 1 is a Fermat prime for some positive integer e
P is either a Sylow 2-subgroup T of GL2(q) or is conjugate
to the nonabelian, two generated subgroup of index 2 in T
Table 6: Groups V ⋊ P with three p-regular classes
p G/Op(G)
2 Zq ⋊ Z2n q = r2
n + 1 is prime for some prime r and positive integer n
2 (Z7 × Z7)⋊ P P is either cyclic of order 16, generalized quaternion
of order 16, or semidihedral of order 32
Table 7: Groups V ⋊ P with more than three p-regular classes
p G/Op(G)
not 3 Z3
not 2 or 3 Sym(3)
3 SL2(3)
2 E ⋊ P E is extraspecial of order 27 and exponent 3
P is either Z8 or S16
not 2 Zq ⋊ (Z2 × Zpn) q = 2p
n + 1 is prime
not 2 or 3 (Z3)
l ⋊ (Z2 × Zpn) 3
l = 2pn + 1
2 (Z7 × Z7)⋊ (GL2(3))
∗ (GL2(3))
∗ is the group isoclinic to GL2(3)
that is a Frobenius complement
2 (Z5 × Z5)⋊ S S is the one of the three groups that acts
transitively on nonidentity elements of the elementary
abelian group of order 25 and have two 2-regular classes
2 (Z3)
4 ⋊ S S is one of the three groups that acts transitively
on the nonidentity elements of the elementary abelian
group of order 81 and has two 2-regular classes
Table 8: Solvable groups with three p-regular classes not of the form V ⋊ P
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